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Efficient Computation of Modal Sensitivities
for Systems with Repeated Frequencies

I. U. Ojalvo*
University of Bridgeport, Bridgeport, Connecticut

The physical origin and ambiguity of repeated frequency modes is discussed, followed by a mathematical
derivation of the governing equations for the partial derivatives of repeated eigenvalues with respect to changes in
the system parameters. This is followed by a derivation for the associated eigenvector derivative equations.
Physical interpretations are included to help explain the analytical results. An efficient computation procedure,
which preserves the bandwidth for very large systems, is also proposed for systems with repeated or closely spaced
eigenvalues. Two small examples to illustrate the solution procedure are presented.

Nomenclature
[A], [ B] =nXn symmetric matrices
b,bjk = seeEqs.(7),(21),and(25)
Cj,CJk = seeEqs.(21)and(25)
[Z>] =SeeEq.(18)
{FJ =seeEq.(5)
K, Kl9K2 = spring constants
M, Ma, Mb = lumped masses
m — multiplicity of eigenvalue
TJ = j th design parameter
T = kinetic energy or transpose

(when used as a superscript)
V = potential energy
{ Vf} = solution of Eq. (10)
{ X }, { Z } — eigenvectors
{«} = seeEq.(12)
a.j =j th element of { a.}
8( ) = variation of quantity contained in parenthesis
0, <t> = angle variables for two degree-of-freedom

example
A = eigenvalue
( y = partial derivative with respect to design

parameter

Introduction

THE importance of obtaining sensitivities for eigenvalue
problems stems from the fact that partial derivatives with

respect to system parameters are extremely important for
effecting efficient design modifications for given situations, for
gaining insight into the reasons for discrepancies between
structural analyses and dynamic tests, and for indicating
system model changes that will improve correlations between
analyses and tests. While the problem of obtaining eigenvector
sensitivities has been of interest for some time and its efficient
solution was presented over a decade ago,1 cases associated
with repeated roots have only recently been addressed.2'3
However, the eigenvalue sensitivity problem for repeated roots
has received attention in recent years by Haug and his col-
laborators.4"6

The situation of repeated frequencies, or identical frequen-
cies with different mode shapes, occurs in many physical
situations. Perhaps the most common circumstances under
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which multiple eigenvalues occur in engineering are instances
where system symmetry exists, such as structures with two or
more planes of reflective or cyclic symmetry or in the limiting
case of axisymmetric bodies. Examples of structures with
repeated roots are shown in Figs. 1-3.

Crandall7 has presented a simple example to explain this
phenomenon, in physical terms, through consideration of a
frictionless particle sliding back and forth hear the bottom of
a shallow elliptic bowl (see Fig. 4). He states, "The eigenvalue
problem for this system consists in finding the paths and the
frequencies of back-and-forth motion for the natural modes of
motion in which each back-and-forth excursion of a particle is
always on the same path.

"The answer to this problem is simple. The paths of the
natural modes are along the major and minor axes of the
ellipse. The natural frequencies depend on the radii of curva-
ture of these paths, the lower frequency being associated with
the larger radius, i.e., the flattest path. Here the eigenvalues
(as measures of the natural frequencies) are different, and with
each is associated a unique mode. The orthogonality of the
modes shows up in the perpendicularity of the two paths.

"Now imagine that the elliptic bowl is gradually trans-
formed into a circular bowl. The two principal radii of curva-
ture, and hence the eigenvalues, will approach one another.
The directions of the paths of the natural modes will remain
unchanged in the limiting process; however, in the circular
bowl any straight-line path through the bottom of the bowl is
equally well the path of a natural mode. Thus, when two
eigenvalues coalesce, there is introduced a whole infinity of
modes. We may still consider that there are two orthogonal
modes with the understanding when the eigenvalues are equal
any linear combination of these modes is also a mode."7

In addition to the physical problem created by the arbitrari-
ness of the eigenvector for the repeated mode, there is the
mathematical problem associated with this phenomenon as
well. Mathematically speaking, the arbitrariness is manifested
by additional singularities in the associated eigenvalue prob-
lem coefficient matrix and the important question as to whether
an eigenvalue or eigenvector differential even exists. The
authors of Refs. 4-6 have concluded that the eigenvalue
derivatives, in the presence of repeated eigenvalues, are only
directionally differentiable. We will discuss this briefly later.

It is also possible for closely spaced eigenvalues to occur
where physical symmetry is not present, such as in classical
flutter when the bending and torsional wing frequencies
coalesce. It is easily shown that if two mode shapes possess
the same eigenvalue, then any linear combination of these is
also a mode shape, since their combination will also satisfy
the same linear eigenvalue equation.
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Fig. 1 Two-dimensional vibrations of a symmetrically supported mass.

Fig. 2 Vibrations of a right circular cylinder.

Fig. 3 Vibration of a cantileyered beam.

Fig. 4 Vibrations of a frictionless mass in a shallow elliptic dish.

Mathematical Background
As is well known, the nXn linear eigenvalue equation

matrix ([A] — Xf-[B]) is singular since

(Ml-*, (i)
In the above equation, we have assumed that [A] and [B]

are real symmetric n X n full or banded matrices. ([A] - X,[£])
will be of rank (n - 1) if X, is not a repeated root, but it will
be of rank n — (m +1), where m is the number of times
\i is repeated. The m repeated eigenvectors, {Xi+j} (y'?=
1,2,...,w), may be found through the (somewhat artificial)
orthogonality conditions

j = l,2,...,m (2)

For simplicity, we shall also assume that all modes are nor-
malized such that

(3)

If we also wish to obtain system derivatives, then a differ-
entiation of Eqs. (1) and (3) yields

where

and

where

}--(Mi-

The gradient of A, is given by

(4)

(5)

(6)

(7)

(8)

which is easily obtained from the premultiplication of Eq. (4)
by { Xt }T and application of Eqs. (1) and (3).

Partial Derivatives of Eigenvectors
Nonrepeated Roots

If Xy is not a repeated root, there are numerous ways for
obtaining the eigenvalue gradients, some of which involve
modal expansions2'8 and some of which do not.1'3 Perhaps the
most efficient nonmoclal expansion methods are due to
Nelson1 and pjalvo,3 whose procedures also preserve the
bandwidth of the original system matrices. Nelson's procedure
involves solving Eq. (8) for Xj, setting

and letting Vf be the solution of

(9)

(10)

where ([A] -X- f[fl]) is equal to ([^J-XJB]) with the /?th
row and column set to zero, except for the ̂ th element. In the
previous discussion, p corresponds to the maximum element
of (Xf} and { Ft} is equal to { Ft} with the />th element set to
zero. The effect of the above modification to ([^4] —X,[B])
and {/J} is to make the p\h element of {Vt} equal to zero.
Substitution of Eq. (9) into Eq. (6) results in the solution of Ct
from the equation

(U)

Repeated Roots
Nelson's method will npt work if X,. is a repeated root,

since ([A] - X, [ £]) will still be singular and so Eq. (10) will
not yield a unique solution for { Vi}.

As noted earlier, if X, is a repeated eigenvalue, with corre-
sponding eigenvectors { X f } , (j = j, i + 1,..., i -f m) then a
linear combination of { Xt} will also be an eigenvector, i.e.,

i + m
(12)
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where

= \xi (13)

and

It should be noted that the a, parameters are completely
arbitrary, except for the constraint {«}r{a} = l obtained
from Eq. (3). In addition, we note that since the vectors { Xj }
(j = 1,1 + 1, . . . , i* + m) for a repeated eigenvalue are not
unique, they may not be continuous and differentiable in r.
Therefore, we have postulated that {Z,.} [see Eq. (12)] is the
correct vector which is continuous and differentiable in r.
However, since the correct vector { Z, } is not known a priori,
we have left its specificity open initially and will determine the
coefficients a, or vector {«} later.

Returning to CrandalTs physical model of the spherical
dish,7 we assume that we have selected an arbitrary pair of
orthonormal eigenpaths, {X±} and {X2}, and that we shall
perturb a particular radius by a slight elongation 8r in an
orientation whose direction cosines relative to the direction of
{ A^} and {X2} are «y and (1 — o/)1/2, respectively.

Thus,

The corresponding eigenvector gradient equation for Z{
become

and

(14)

(15)

Substitution of Eq. (12) into Eq. (14) and premultiplication
by [X]T yields the (m + 1) equations

[ X ] T ( [ A ] - \ i [ B ] ) [ X ] { c t } = ( X ] T { F i } = {0} (16)

where use has been made of the transpose of Eq. (1) to
establish the m X 1 null vector in Eq. (16).

Combination of Eqs. (2), (3), (12), (14), and (16) then yields
the auxiliary eigenvalue problem for the eigenvalue gradients,

Thus, it may be seen that selection of the parameters r,
considered to be varied for derivative purposes, uniquely
defines the original eigenvectors {Z,} once Xy and {a} are
determined. To compute {Z/} from Eq. (14), however, we
must first eliminate the m + 1 redundant equations and re-
place them with m -I- 1 independent equations. This is done by
extending Nelson's method1 through the elimination of those
equations, p,q,s,...9 etc., that correspond to the maximum
elements of the m + 1 eigenvectors {Z,}. If any of these
repeat (e.g., p = q, s, or /), simply select p to correspond to
the next largest element of that particular eigenvector, such
that no repetitions occur and the equations eliminated corre-
spond to the number of repeated eigenvalues. Once again,
perform the equation elimination by zeroing out the corre-
sponding rows and columns of ([A] — XJ5]), except for the
diagonals, to form ([^4] — X^^]), set the corresponding ele-
ments of {^} to form {Fj} equal to zero, and let

(19)

(20)

(21a)

(21b)

{Zj}-{Vj}+I,CJt{Zk}
k = i

Then, the solution of

and substitution into Eq. (6) will yield

with

We shall see that the remaining Cjk are partially determined
from the derivatives of the artificial (but not inconsistent)
orthogonality conditions [see. Eq. (2)],

(22)

It will be seen that Eq. (22) will not produce a sufficient
number of equations to uniquely determine all of the Cjk.
Therefore, we suggest that the following convenient (but arbi-
trary) symmetrical equations be used to define all the C:

where [D] is the (m + 1) X (m + 1) matrix given by

(17)

(18)

It is interesting to note that Eq. (17) possesses m + 1
eigenvalues \\ , which is to say that X, has m + 1 partial
derivatives. This may be physically explained by reference to
Fig. 5, which shows how two eigenvalues X, and X /+1 depend
upon a system parameter r. At the particular value of r where
X, and X /+1 coalesce, there are obviously two values of X^; if
m 4- 1 values of X, were to coalesce, there would be m + 1
derivatives. If X; is itself a repeated eigenvalue derivative,
then the {«} of Eq. (17) are not uniquely determined. Such
cases are not addressed in this paper.

Solution of Eq. (17) will also yield w + 1 values of {«},
which then uniquely determine the m + 1 eigenvectors Zi+J
corresponding to \t.

(23)

r
Fig. 5 Repeated frequencies lead to multiple partial derivatives.
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It is hard to ascribe a physical interpretation to the assump-
tions contained in Eq. (23). However, for symmetrical sys-
tems, such as those described by Figs. 1-3, an infinitesimal
parameter modification at the polar angle <f> will cause a pair
of repeated eigenvalue modes, {Z,} and {Z/+1}, to lie in the
<t> and <J> + (7r/2) planes; their corresponding partial deriva-
tives, {Z/} and {Z/+1}, will also be contained in the same
respective planes. Thus, both terms of Eq. (23) will be identi-
cally zero, as will the right-hand side of Eq. (22).

Equations (22) and (23) then combine to give

k,j = i,i + i,...9i + m (24)

and substitution of Eq. (19) into Eq. (24) yields

Cjk = b j k - { V j } T [ B ] { Z k }

bjk=-k{Zk}T[B'}(Zj}

j , k = i , / + 1 , . . . , i + m (25)

Thus, Eqs. (21) and (25) will be of identical form. It should
be noted that although bkj = bjk, Ckj * Cjk in Eq. (25).

Examples
Let us consider the simple two-degree-of-freedom system of

Fig. 6 where the connecting rod of length L is massless along
its length, but has end mass values ml and m2. Selecting the
generalized coordinates J^ and LO, the system kinetic and
potential energies T and K, respectively, are for small mo-
tions, as

and

(26)

(27)

Applicating Lagrange's equations

and assuming harmonic motion yields the 2 X 2 matrix eigen-
value equation

k2 \\L8
-f m2 —m2
-m2 m2 j ( L 0

for the natural frequencies squared (eigenvalues)

(29)

(30)

For the case where k^ = k2 = K and ml = m2 = M, the
eigenvalues of this problem, \ and X2 , coalesce and become
simply

(31)

and the orthonormal mode shapes may be represented as

A second example treated by the proposed repeated-root
gradient theory involves a square, cantilevered, classical beam
with additional tip masses ma and mh (see Fig. 7). When ma
equals mh, the bending frequencies occur in equal pairs and
any plane containing the x axis may completely contain all
mode-shape activity. However, to obtain gradients with re-
spect to changes in ma or mb only, the original modal vectors
must be contained in the x-y and x-z planes. To verify if the
proposed procedure achieves this, we shall start with initial
mode shapes { X } in the x-y and x-z planes and demonstrate
that the new modes and their gradients {Z} and {Z7},
respectively, end up in the x-y and x-z planes.

The stiffness and diagonal mass matrices for the two-ele-
ment finite-element beam shown in Fig. 7, are

12 0 0 0 - 6
4 0 0 - 3

12 0 0
4 0

6
symmetric

] = 100

3
0
0
0

-3
2

0
0

-6
-3

0
0
6

0
0
3
1
0
0

-3
2

2 . 5 0 0 0 0 0 0 0 "
0.2080 0 0 0 0 0

2 . 5 0 0 0 0 0
0.208 0 0 0 0

21.25 0 0 0
symmetric 10.1 0 0

21.25 0
10.1

The degrees of freedom corresponding to eigenvectors [X]
are

The first bending solutions { X^ } and { X(T)} corresponding
are

=\ = 67.84

Fig. 6 Vibrations of a simple two-degree-of-freedom system.

(32)
Fig. 7 Square cantilevered beam with offset end masses.
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and
r= [0,0, 0.565, 1.037, 0,0, 1.888,1.517]

}r= [0.565, 1.037,0,0,1.888,1.517,0,0]

The eigenvalue gradients with respect to mb for the prob-
lem require { K'} and [AT], where [K'] is an 8 X 8 null matrix
and

(M']

Application of Eqs. (17) and (18) then yields

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
2
0
0
0

0
0
0
0
0
1
0
1

0
0
0
0
0
0
2
0

0
0
0
0
0
1
0
1.

I D ] \ -
1 J L -

;= -795.75,

-639.6 -
156.1

-156.1]
-639.6 J

X'2 = -483.49

{*>-{£.7071\
7071/'

while Eq. (12) yields

0.400̂
0.733
0.400
0.733
1.335
1.073
1.335
1.073/

0.7071 \
- 0.7071 /

-0.400̂
-0.733
0.400
0.733

-1.335
1.072
1.335
1.073/

Physically speaking, mode 1 corresponds to both masses
moving up or down simultaneously (together), while mode 2
corresponds to ml and m2 moving in opposite directions an
equal amount, simultaneously.

Denning ( )' = d( )/dm2, Eq. (17) becomes

-1
K

which has eigenvalue solutions

X' = Q,-

and corresponding eigenvector solutions

{«(i>}
Thus,

{ZWl-

and

(33)

(34)

(35)

^)-^;) (36)0<2>/ V« \1/

07)
/^\- l / V }

A physical interpretation of { Z(1) } yields mass 1 moving up
and down while mass 2 is stationary; { Z(2) } corresponds to
mass 1 remaining stationary while mass 2 moves vertically.

Equation (14) disappears for this trivial example, leaving
{ Vl} and { V2 } equal to zero. Equation (19) now becomes

and Eq. (25) yields

Thus,

and

-0, C12 = C21=0

C22=-1/(2M)

(38)

(39)

0
(2MY

(40)

A physical interpretation of this result is that increasing m2
slightly will not perturb mode shape 1 at all, while it will affect
mode shape 2 only by decreasing its amplitude such that its
new normalization condition is still given by Eq. (3) or

(41)

Inspection of { Z(1)} and { Z(2)} gives p and q equal to 5 and
7. Thus, application of Eqs. (20), (25), and (19) yields

f F } = <i i/

(V} = <X 1 /

I- 7.954)
-1.216
-7.954
-1.216

0
59.3

0
I 59.3 >

( -0.172>

-0.168
-0.172
-0.168

0
0.662

0
I 0.662J

> , {^>}=H

> » {^2} = < <

f 4.833)
0.739

-4.833
-0.739

0
52.4
0

1-52.4 7

r -0.133)
-0.135

0.133
0.135

0
0.548

0
^-0.5487

Cn = - 0.6004, C12 = - 0.1447

C21= -0.1189, C22=-3.448

ran

f - 2.525)
-4.466
-2.630
-4.676
-7.823
-5.625
-8.206

1-5.9347

> > {^2} = ^

/ 1.198)
2.305

-1.293
-2.480

4.443
4.119

-4.761
1-4.3747

This problem was also solved using a numerical perturba-
tion and differencing scheme. The results for \{ and A'2 were
within 0.03% of the above values, while the results for {Z{}
and { Z2 } departed at most by 3% for any given element from
those presented above.
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Directional Derivatives
Up to this point, attention has been directed at a single

parameter variation. However, eigenvector derivatives are im-
portant for structural design and optimization when many
parameters are varied simultaneously. Under such cir-
cumstances, it is important to proceed with extreme caution
since the associated eigenvector changes may not be continu-
ous and, therefore, nondifferentiable. To explain this physi-
cally, let us once again consider the system of Fig. 1. If the
stiffness of two springs are varied independently, then the
eigenvectors associated with each change will be different and
discontinuous if the parameters are modified simultaneously
and independently. Thus, we may consider design changes
only when one parameter is changed at a time or if we select
an a priori fixed ratio between the design changes. We shall
now discuss this in more mathematical terms.

Consider an eigenvector { Z(0 } that depends upon an arbi-
trary set of parameters, rj9 j = 1,2,..., S. If the eigenvector
varies smoothly for our arbitrary set of parameter changes 8rjy
then it follows that

(42)

where S is the number of variables /} and 5{Z(/)) an
infinitesimally small increment of the eigenvector.

Equation (42) will not generally be true in the presence of
repeated eigenvalues. This fact is related to the ambiguity of
the eigenvectors when repeated eigenvalues occur. Thus, even
though the partial derivatives

can be calculated according to the procedures outlined earlier,
Eq. (42) will not always hold. There are special instances,
however, when Eq. (42) is valid. These instances are related to
particular directional increments 8F, where

8F- (43)

and Eq. (42) becomes

in which case

(44)

is called the directional derivative and the a^ are given by

dF (45)

Then, Eq. (43) has physical validity.
Thus, if all the changes 8rj simultaneously refer to the same

original eigenvector Zi9 then all such variations may be con-
sidered simultaneously. An example of this for Fig. 2 is to
vary the shell radius and wall thickness as a function of shell
length, but not polar angle.

Hence, determination of the directions in which Eqs. (43-45)
are valid will generally require some physical insight and user
input.

Discussion
The previous examples are an interesting and simple dem-

onstration of the insight that may be gained by following the

proposed procedure. The coordinate system and mode shapes
initially selected for the examples gave little clue to how each
mode would respond under change. However, when we pro-
posed perturbing only one of the mass parameters, the proper
modes emerged along with the correct partial derivatives.

Thus, it is seen that the proposed mathematical approach
can automatically yield physical insight regarding modal
sensitivities to parameter modifications without ambiguity or
user dependence. Moreover, the uncertainties and inde-
terminancies associated with repeated roots may be removed
through investigation of specific parameter modifications.

It is important to note that the present approach may be
used equally well for closely spaced modes. Such modes are
sometimes associated with poorly conditioned matrices and
may depend upon machine precision for their separation.
However, the present method permits some insight by which
these modes can be separated, regardless of how close they
may be, through consideration of their partial derivatives.

We have also discussed the caution necessary when working
with repeated eigenvalue problems, in light of the work con-
tained in Refs. 4-6 and the existence of only directional
derivatives.

The present work has built upon the computationally effi-
cient ideas of Nelson1 and the repeated eigenvalue derivative
equation of Haug and his co-workers4"6 and Chen and Pan.2
We have extended Nelson's computational efficiency through
proper elimination of additional redundancies in the system
matrices while maintaining the original matrix bandwidths. In
addition, the newly proposed procedure is more direct than
the modal expansion techniques proposed in Ref. 2, is more
suitable for large problems with many degrees of freedom,
and introduces the need for consideration of the modal ortho-
gonality gradient equations.

As noted earlier, the Cjk of Eq. (19) are not uniquely
determined if j =£ k. Other choices are possible, since Eq. (23)
is arbitrary and not necessary for their determination. We do
not know if this can result in eigenvector derivative ambiguity
or error. It is believed that further work in this area, as well as
efforts to study the effects when eigenvalue sensitivities them-
selves repeat, is also needed. The application of directional
derivatives for optimization studies in the presence of re-
peated eigenvalue also remains an unresolved issue and ad-
ditional work is needed here as well.

Although the present work has focused upon symmetric
banded matrices, we see no conceptional reasons why the
above procedures cannot be systematically expanded to in-
clude complex, unsymmetric matrices with complex eigenval-
ues and biorthogonal eigenvectors.

References
kelson, R.B., "Simplified Calculation of Eigenvector Derivatives,"

AIAA Journal, Vol. 14, Sept. 1976, pp. 1201-1205.
2Chen, S.H. and Pan, H.H., "Design Sensitivity Analysis of Vibra-

tion Modes by Finite Element Perturbation," Proceedings of the 4th
International Model Analysis Conference, 1986, pp. 38-43.

3Ojalvo, I.U., "Efficient Computation of Mode-Shape Derivatives
for Large Dynamic Systems," Proceedings of the AIAA/ASME/
ASCE/AHS 27th Structures, Structural Dynamics and Materials
Conference, AIAA, New York, 1986, pp. 1386-1390.

4Haug, EJ. and Rousselet, B., "Design Sensitivity Analysis in
Structural Mechanics, II," Journal of Structural Mechanics, Vol. 8, No.
2, 1980, pp. 161-186.

5Choi, K.K. and Haug, EJ., "Optimization of Structures with
Repeated Eigenvalues," Optimization of Distributed Parameter Struc-
tures, Vol. I, edited by EJ. Haug and J. Cea, Sithoff and Noordhoff,
the Netherlands, 1981, pp. 219-277.

6Choi, K.K., Haug, EJ., and Seong, H.G., "An Iterative Method
for Finite Dimensional Structural Optimization Problems with Re-
peated Eigenvalues," International Journal for Numerical Methods in
Engineering, Vol. 19, 1983, pp. 93-112.

^Crandall, S.H., Engineering Analysis, McGraw-Hill, New York,
1956.

8Fox, R.L. and Kapoor, M.P., "Rates of Change of Eigenvalues
and Eigenvectors," AIAA Journal, Vol. 6, Dec. 1968, pp. 2426-2429.


